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Abstract
Let P be a projective space. Let E be a set of n-dimensional subspaces of P such. that
any two elements of E intersect exactly in an (n− 2)-dimensional subspace. In this paper we
consider sets E of this type. The case n=3 was considered in an earlier paper (Geom. Dedicate,
submitted for publication). In this paper, we consider the case n¿ 4. We show that in this case
there is essentially only one “new” example E.
c© 2002 Elsevier Science B.V. All rights reserved.
1. Introduction
In [1] the following question was raised:
Given a ?xed subspace dimension n and some intersection dimensions n1; : : : ; nk ,
?nd a characterization of (big) sets E of n-dimensional subspaces of a projective
space such that any two elements of E intersect in one of the dimensions n1; : : : ; nj.
In this paper, we consider the case j=1; n− n1 = 2, i.e. the following problem:
Consider sets E of n-dimensional subspaces of a projective space P such that any
two of them intersect in an (n− 2)-dimensional subspace. Classify these sets.
Before treating this problem, we shall give some general de?nitions and remarks on
the case j=1 of our problem.
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2. The general problem. Known results
Denition 2.1. (a) Let P be a projective space, and let −16k¡n. A set E of
n-dimensional subspaces of P with the property that any two elements of E inter-
sect precisely in a k-dimensional subspace is called an (n; k)-SCID (set of Subspaces
with Constant Intersection Dimension).
(b) Let E be any SCID. Let E1; E2∈E. Then each k-dimensional subspace of E1 ∩E2
is called an intersection k-space of E. (for k =0, 1 these are called intersection points
resp. intersection lines).
For example, a (2, 0)-SCID is a set of planes intersecting mutually in exactly one point.
Denition 2.2. A (n; k)-SCID E is called primitive if the following conditions are
ful?lled:
(a) The elements of E span the whole projective space.
(b) There is no point contained in all elements of E.
(c) Each element of E is spanned by the intersection points contained in it.
(d) The dimension of the whole projective space is at least 2n+ 1.
Condition (a) just states that the whole space “?ts” to the SCID.
Let E be an (n; k)-SCID whose elements all have a common point P. Then in the
quotient space P=P, the set E=P becomes an (n− 1; k − 1)-SCID. This motivates (b).
Condition (c) is motivated in the following way: let E be an (n; k)-SCID with an
element E∈E not spanned by its intersection points. Let U be the subspace of E
spanned by its intersection points. Then E\U does not contribute to the intersection
structure of E. Hence to investigate such sets E it is more adequate to have condition
(c) and to allow elements of E which have dimensions smaller than n.
Suppose ?nally that E is an (n; k)-SCID contained in a 2n-dimensional projective
space, then dualization yields an (n− 1; k − 1)-SCID. This motivates (d).
Obviously, condition (c) excludes (n;−1)-SCIDs (i.e. spreads). Furthermore, if E is
an (n; n−1)-SCID, then all elements of E are either contained in an (n+1)-dimensional
sub-space (contradicting (d)) or they contain an (n− 1)-dimensional subspace (contra-
dicting (b)). Thus
Proposition 2.3. For any primitive (n; k)-SCID we have 06k6n− 2.
We restate the results of [1] in terms of primitive SCIDS. We start with an example.
Example 2.4. Let P be a ?ve-dimensional projective space, and let Q be a hyperbolic
quadric in P. On the planes lying on Q there is an equivalence relation ∼ de?ned
by: E1∼E2 if and only if E1; E2 are equal or intersect in just one point. The set of
planes of Q splits into two equivalence classes of ∼ (see e.g. [2], 4.5.5–4.5.6). The
set of planes of one equivalence class is a primitive (0,2)-SCID. If P=PG(5; q), then
this SCID has size q3 + q2 + q+ 1. This SCID is called hyperbolic.
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Theorem 2.5. Let P be a projective space of dimension d, and let E be a primitive
(0; 2)-SCID in P. Then
(a) d∈{5; 6}
(b) If d=6, then |E|∈{6; 7}, and there are only three nonisomorphic examples of
such a set E.
(c) If P=PG(5; q) and |E|¿3(q2+q+1), then E is contained in a hyperbolic SCID.
Proof. See [1], Theorem 5.1.
3. Primitive (n; n− 2)-SCIDs
Example 3.1. Let P be a seven-dimensional projective space. Let P1; P2; P3; P4; Q1; Q2;
Q3; Q4 be eight independent points of P, and let
E0 = 〈P1; P2; P3; P4〉; E12 = 〈Q1; Q2; P1; P2〉; E34 = 〈Q1; Q2; P3; P4〉;
E13 = 〈Q1; Q3; P1; P3〉; E24 = 〈Q1; Q3; P2; P4〉;
E14 = 〈Q1; Q4; P1; P4〉; E23 = 〈Q1; Q4; P2; P3〉:
Then E7 := {E1; E12; E34; E13; E24; E14; E23} is a primitive (3; 1)-SCID.
Remark. The set E7 can be illustrated in the following way: let V =GF(2)3, and let
L be the set of two-dimensional subspaces of V , where one of these is replaced by
its parallel aLne subspace. Let ’ be a bijection of the points of V to a base of P.
Then E7 is the set of spans of the images of L under ’.
Lemma 3.2. Let E be an (n; n − 2)-SCID (n¿3) with the property that there do
not exist three elements E1; E2; E3∈E with E1 = 〈E1 ∩E2; E1 ∩E3〉. Then one of the
following two statements hold:
(a) All elements of E contain a common (n− 3)-space.
(b) There is an n-space U such that {E ∩U |E∈E} is a set of (n− 1)-spaces.
In particular, E is not primitive.
Proof. Let E0 be an arbitrary element of E. By assumption, the set E(E0) := {E ∩E0 |
E∈E\{E0}} is a set of (n−2)-spaces intersecting mutually in an (n−3)-space. Hence
one of the two following statements hold:
1. All elements of E(E0) contain a common (n− 3)-space.
2. All elements of E(E0) are contained in a common (n− 1)-space U (E0).
The ?rst case corresponds obviously to case (a) of the lemma. If (a) is wrong, then
we have the second case for all elements E0∈E. Hence {U (E) |E∈E} is a set of
(n−1)-spaces intersecting mutually in an (n−2)-space. Hence either all U (E) contain
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a common (n− 2)-space (which leads to (a)), or all U (E) are contained in a common
n-space U (which leads to (b)).
The following two theorems give a complete account for primitive (n; n− 2)-SCIDs
for n¿3.
Theorem 3.3. Let E be a primitive (3,l)-SCID. Then E=E7 (up to isomorphism).
Proof. By Lemma 3.2, there are three elements E0; E12; E34∈E such that E0 ∩E12 ∩E34
= ∅. Let Pi (i=1; 2; 3; 4); Qi (i=1; 2) be six points such that E12 ∩E34 = 〈Q1; Q2〉,
E12 ∩E0 = 〈P1; P2〉, E34 ∩E0 = 〈P3; P4〉. These three lines span the ?ve-dimensional
space U := 〈E0; E12; E34〉. Each element E∈E not contained in U intersects each of
〈Q1; Q2〉; 〈P1; P2〉; 〈P3; P4〉, in exactly one point. (E ∩U intersects E12 ∩E34 in at least
one point, because it intersects E12; E34 in lines that cannot be skew, and similarly for
the other two lines.) Hence U (E) :=E ∩U is a plane. If for two elements E; E′∈E not
contained in U the corresponding planes U (E); U (E′) intersect in exactly one point,
then the intersection point must lie on one of the lines 〈Q1; Q2〉; 〈P1; P2〉; 〈P3; P4〉.
(Otherwise, the six intersection points of E; E′ with these lines would generate U ,
and so U (E); U (E′) would be skew.) Similarly, if U (E); U (E′) intersect in a line,
then this line intersects two of the lines 〈Q1; Q2〉; 〈P1; P2〉; 〈P3; P4〉.
By De?nition 2.2(d), there are two intersection points Q3; Q4 such that
dim〈U;Q3; Q4〉=7. Let E13; E24 be two planes of E through Q3, and let E14; E23 be
two planes of E through Q4. Without loss of generality, U (E13)= 〈Q1; P1; P3〉. The
spaces E13; E14 cannot intersect outside of U , so U (E13); U (E14) intersect in a line,
which must intersect two of the lines 〈Q1; Q2〉; 〈P1; P2〉; 〈P3; P4〉. Without loss of gener-
ality, U (E13)∩U (E14)= 〈Q1; P1〉. Then we can assume that U (E14)= 〈Q1; P1; P4〉. The
space U (E24) must intersect U (E14) in a line and U (E13) in a point. Without loss of
generality, U (E24)= 〈Q1; P2; P4〉. Finally, the space U (E23) must intersect U (E13) and
U (E24) in lines and U (E14) in a point, which forces U (E23)= 〈Q1; P2; P3〉. Now we
see that the seven planes E0; E12; E34; E13; E24; E14; E23 just form the set E7 with the
notations of Example 3.1.
Suppose that there is another element E∈E\E7. Let Ui := 〈Q1; Qi; P1; P2; P3; P4〉
(i=2; 3; 4). Then U2 =U , and the three spaces Ui lie symmetrical with respect to
E7. The space E cannot be contained in two of the Ui (otherwise it would intersect
E0 at least in a plane). Without loss of generality, E is not contained in the spaces U2
and U3. By the above argument (extended from U =U2 to U3), the space E must in-
tersect each of the lines 〈Q1; Q2〉; 〈Q1; Q3〉; 〈P1; P2〉; 〈P3; P4〉; 〈P1; P3〉; 〈P2; P4〉 in a point.
Since E intersects E0 = 〈P1; P2; P3; P4〉 only in a line, the line E ∩E0 must be one of
〈P1; P4〉; 〈P2; P3〉. Without loss of generality, E ∩E0 = 〈P1; P4〉. The space E must be
contained in U4. (Otherwise it would intersect the lines 〈P1; P4〉; 〈P2; P3〉 in points.)
Hence E can intersect 〈Q1; Q2〉 only in Q1. So we have 〈Q1; P1; P4〉⊆E, which con-
tradicts the fact that E ∩E14 is a line. This means that there cannot be an element
E∈E\E7, and so E=E7.
Theorem 3.4. There do not exist primitive (n; n− 2)-SCIDs for n¿4.
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Proof. Suppose E is a primitive (n; n− 2)-SCID with n¿4. According to Lemma 3.2,
there exist three elements E1; E2; E3∈E such that dim(E1 ∩E2 ∩E3)= n − 4. Let
N =E1 ∩E2 ∩E3, and let U = 〈E1; E2; E3〉. Then dimU = n + 2. Suppose that E is
an element of E not contained in U . Then E ∩U is an (n− 1)-dimensional subspace
of U intersecting each of E1; E2; E3 in dimension n− 2. This forces that N ⊆E.
Now consider the set E′ := {E1; E2; E3}∪ {E∈E |N ⊆E; E*U}. In the quotient
space P=N , this is a primitive (3,1)-SCID. By the primitivity of E, the set
E′=N must span at least an (n + 4)-dimensional space. This contradicts the previous
theorem.
4. Outlook on the general case
In the investigation of (n; n − 2)-SCIDs the most diLcult step was the case n=2.
Similarly, in the investigation of (n; k)-SCIDs the previous investigation of (n− k; 0)-
SCIDs would be most helpful, giving a start for an inductive argument.
In the investigation of (k; 0)-SCIDs, a result similar to Theorem 2.5 would be desir-
able. Here the following questions arise:
• Let 1(k) be the maximal dimension of a projective space in which a primitive
(k; 0)-SCID exists. (For example, 1(2)= 6.) Give estimations of 1(k). (Conjecture:
1(k)∼ 2=27k3; this conjecture is motivated by investigations on a related problem
[3].)
• Let 2(k) be the maximal dimension such that the size of primitive (k; 0)-SCIDs
is not bounded by a constant independent of the order of the ambient space. (For
example, 2(2)= 5.) Give estimations of 2(k).
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